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Abstract

The future of deep learning is sparse: by inducing sparsity in neural networks, we are able to
train models at scale with unprecedented efficiency, paving the way for the next-generation Al
architectures. However, recent works show that the solutions found by sparse training from scratch
(So1-8) may face inevitable performance degradation compared to those by sparse finetuning
(Sol-F), casting a pall over the true efficiency of sparse neural networks. In this paper, we put
forward an extensive empirical study on this important and foundational issue. We first observe
that Sol-S can be categorized into two distinct regimes, which we termed as the generalization
regime and the optimization regime. With analysis on Fisher information, we provide a unified
explanation on the underlying mechanism of the two regimes: sparse neural networks trained from
scratch require more information in learning, and are weaker at memorization; this mechanism
entangles Sol-S with sharper local minima and higher sensitivity in the generalization regime and
memorization failures in the optimization regime (yet it may bring better noise robustness). Based
on our findings, we propose insights on strategies to improve the performance of sparse training
from scratch via loss regularization and data scheduling. We hope our discoveries can fuel future
work to understand and improve the trainability and generalizability of deep and sparse networks.

1. Introduction: A Tale of Two Regimes

Scaling up deep learning models has been demonstrated to be an effective and reliable way to improve
the performance across a broad range of tasks (Devlin et al., 2018; Brown et al., 2020; Chowdhery
et al., 2022). However, training such over-parameterized models is costly. For example, training a
GPT-3 model will cost twelve millions dollars and produce over five-hundred tons of COs equivalent
emissions (Patterson et al., 2021). Recently, training a sparse network (i.e., a network with most
parameters being zero) has emerged as a promising direction to reduce the training cost and improve
the inference efficiency (Hoefler et al., 2021).

The major ways to find a sparse solution (i.e., a converged sparse network parameter) include
sparse training by finetuning (sparse finetuning, hereafter) and sparse training from scratch (

, hereafter). As a classical approach, sparse finetuning works by re-using the trained parameters
of a dense network and finetuning upon them; since it requires dense training, this approach is
not genuinely efficient. In contrast, sparse scratch works by generating a sparse mask prior to
training, and initializing parameters from scratch (Lee et al., 2019; Wang et al., 2020; Tanaka et al.,
2020), enjoying superior efficiency over the former. However, the big challenge is, that there exists a
performance gap (or generalization discrepancy, which we will use interchangeably) between sparse
scratch and sparse finetuning. That is, the solution of sparse scratch (i.e., Sol1-S) has significantly
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Figure 1: The and optimization regime of sparse scratch. The
plots show the performance of the final solutions of sparse scratch ( ) and sparse

finetuning (Sol-F, blue line) on CIFAR-100 with ResNet32 on varying sparsity ratios. Experimental
specifications and detailed results with standard deviations reported are in Appendix. (a) Accuracy.
In regime 1, there exist large generalization discrepancies (i.e, the pink shaded area between thick
lines) for Sol-F and Sol-S while they maintain almost the same near-optimal training accuracy. We
denote this regime as the generalization regime. In regime 2, there emerge large discrepancies on both
training and test accuracy (i.e., the green shaded area). We denote this regime as the optimization
regime. (b) Loss. Similar patterns exist in regime 1 and regime 2. (c¢) Training prediction
entropy. Sol-S has a higher prediction entropy and the situation is exceptionally noticeable in
regime 2, implying Sol-S is much less confident in its prediction.

worse test accuracy than that of the solution of sparse finetuning (i.e., Sol-F). Considering the
remarkable benefits of sparse scratch, we ask:

What is the root cause for this performance gap? How may we close it?

Though there are some initial attempts (Evci et al., 2019; Stosic and Stosic, 2021; Frankle et al.,
2021) to understand this performance gap, it is still unclear what the fundamental mechanism is
underlying, and how to improve sparse scratch based on the findings. To answer these questions, we
provide a more fine-grained study on the performance gap and seek to shed lights on closing the
performance gap. We find that there exist two regimes as shown in Figure 1, where sparse scratch
cannot generalize as well as sparse finetuning, under fairly different mechanisms. Specifically, in
regime 1, the training performance of Sol-S can match that of Sol-F and is near-optimal; however, as
the sparsity ratio increases,’ Sol-S suffers an optimization failure in regime 2, i.e., it has considerably
worse training accuracy compared to Sol-F. We name these two regimes as the generalization regime
and the optimization regime. Our key contributions are summarized below.

e First in literature, we identify and characterize the performance gap from sparse scratch to
sparse finetuning by two regimes: the generalization regime and the optimization regime.

e With extensive experiments, we offer a consistent explanation for the two regimes: sparse scratch
requires more information in learning, and is weaker at memorization. We identify the key
factors for the worse performance of sparse scratch in the generalization regime (e.g., sharper
local minima and higher sensitivity) and the optimization regime (e.g., weaker memorization).

e Based on our findings, we provide insights on several simple strategies to improve the perfor-
mance of sparse neural networks via loss regularization or data scheduling.

1. While the two regimes here may be naively separated by the sparsity ratio, there may exist more nuances (e.g.,
settings for learning rate and batch size) to be discovered by future works.
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Figure 2: Training procedures. We start with a densely connected network whose parameters
are denoted as Init-D and the trained dense solution is denoted as Sol-D. To find a sparse mask,
we prune Sol-D and the remaining parameters are denoted as Init-F. We consider two types of
sparse solutions: (1) the finetuned solution Sol-F, which is obtained by training with Init-F;
(2) the scratch solution Sol-8, which is obtained by training Init-S that comes from randomly
initializing parameters of Init-F; for simplicity, we re-use the sparse mask Init-F, as similarly done
in (Evci et al., 2019).

2. Preliminaries

Notations. Let x € R™ denote an input (e.g., an image) sampled from a probability distribution
p(x) ,y € Y ={1,---,C} be the class label sampled from p(y|x) for each input x, and D =
{(xi,9:)}}¥, denote the training dataset of size N. A neural network f parameterized by 8 € R?
encodes a conditional distribution pg(y|x). The objective is to minimize the empirical risk £(0) =
% > U(%i,yi;:0), where £(-,-) denotes the cross-entropy loss in our case. Given a network f(-;0)
with a binary mask m, we denote f(-;60 @ m) as the resulted sparse network.

Sparse training procedures. We consider two approaches for training sparse neural networks:
sparse training from scratch (i.e., sparse scratch), and sparse training by finetuning (i.e., sparse
finetuning). The procedures and notations are specified in Figure 2. We use one-shot magnitude
pruning on a trained dense network to find the sparsity mask (Zhu and Gupta, 2017).> This strategy
works by removing the weights with the least /1-norm or absolute value, which is equivalent to the
optimal brain damage (LeCun et al., 1989). Though being simple, this strategy has shown to be a
solid pruning strategy (Liu et al., 2018; Evci et al., 2019), and introduces minimal extra complexity
to the empirical setup.

Hessian matrix and the loss curvature. The Hessian matrix is defined as the second derivative
of the loss function £(-) with respect to the network parameter 6, we denote it as

H(9) = V5 L(6). (2.1)

From a loss landscape perspective, numerous works have analyzed the relationship between the loss
Hessian and the generalizability or trainability of neural networks (Dinh et al., 2017; Tsuzuku et al.,
2020; Gilmer et al., 2022). The intuition is that a more degenerate Hessian matrix entails a flatter
region for the local minima, while a flatter minima is more tolerant on the data distributional shift,
leading to better generalization (Keskar et al., 2017; Neyshabur et al., 2017).

2. Many related works also discuss the lottery setting (Frankle and Carbin, 2019; Evci et al., 2019) (different from the
sparse training from scratch, it re-uses subset of the parameters from Init-D as the initialization) and multi-shot or
dynamic sparse training strategies (Mocanu et al., 2018; Evci et al., 2020; Ma et al., 2021). We plan to incorporate
comparisons with those settings in the future revisions.
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Jacobian matrix and sensitivity. Given an input x, the Jacobian matrix on the parameter 0 is:
J(x) = Vyr f(x; ). (2.2)

The input-output Jacobian matrix captures the local sensitivity of the network to the input. This
quantity® is shown to be well correlated with the generalization and robustness of deep neural
networks (Novak et al., 2018).

Memorization in deep neural networks. Recent works have empirically demonstrated the
impact of label memorization on the generalizability or trainability of neural networks (Arpit
et al., 2017; Chatterjee, 2018; Zhang et al., 2020b; Stephenson et al., 2021). Specifically, the Long
Tail Hypothesis states that memorization of data labels is necessary for achieving near optimal
generalization error on a long-tailed data distribution (e.g., CIFAR-10, ImageNet, etc.) (Feldman,
2020; Feldman and Zhang, 2020; Brown et al., 2021). This phenomenon may also be referred to as
“benign overfitting” (Cao et al., 2022), and different architectures have shown to possess different
inductive bias towards memorization (Zhang et al., 2020a).

Fisher information. We use Fisher information to measure the information that the training set
carries about the network parameter 8, which is formally defined as the covariance of the gradient of
the log likelihood estimate of the training set:

F(0) = Exup gupotyix) [Vologpe(d | x)Velogpe(j | x)"] . (2.3)

By definition, Fisher information measures the confidence of the network on its solution given the
training data. It has intrinsic connections to the loss curvature and sensitivity of the neural network.
In this paper, we also claim that it is closely related to networks’ memorization ability.* Specifically:

e Relationship to the loss curvature: As proved in Martens (2014); Achille et al. (2019), F(0)
can be seen as a semi-definite approximation of H(0); for a well-trained network (i.e., almost all
training data are correctly predicted), we have H(0) ~ F(0) to the first-order approximation.

e Relationship to the sensitivity: Assuming perturbing the network parameter @ by § such
that 8’ = 0 + §0, the change in the network’s output can be represented by

Exq(0 KL (0o (y | x)llpe(y | X)) = 50 TF30 + 0 (]|36]3) - (2.4)

Thus, F(0) can be seen as a measure for the parameter sensitivity of a neural network; this
property may also be referred to as “effective connectivity” or “synaptic strength” which impacts
generalization (Achille et al., 2018; Kirkpatrick et al., 2017; Achille et al., 2019).

e Relationship to data memorization: Some initial attempts show that Fisher information is
relevant to data memorization, which in turn impacts the networks’ generalization ability (Achille
et al., 2018, 2019; Martin and Elster, 2020; Jastrzebski et al., 2021). Here, we conjecture that a
higher Fisher information associated with some samples implies that such samples are harder
for the network to memorize, such that Fisher information can be considered as a proxy for the
oddness or difficulty of training examples.

We will use the above interpretations on Fisher information® to analyze the trainability and general-
izability of sparse neural networks in the following sections.
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[The Generalization Regime]
—— scratch (ratio = 0.7): train acc = 0.982; test acc = 0.931
——- finetune (ratio = 0.7): train acc = 0.991, test acc = 0.948
scratch (ratio = 0.6): train acc = 0.994, test acc = 0.939
finetune (ratio = 0.6): train acc = 0.999, test acc = 0.957
—— scratch (ratio = 0.4): train acc = 0.999, test acc = 0.946
——- finetune (ratio = 0.4): train acc = 1.000, test acc = 0.968

[The Optimization Regime]
—— scratch (ratio = 0.85): train acc = 0.927, test acc = 0.854
——- finetune (ratio = 0.85): train acc = 0.926, test acc = 0.854
scratch (ratio = 0.80): train acc = 0.956, test acc = 0.919
finetune (ratio = 0.80): train acc = 0.961, test acc = 0.924
—— scratch (ratio = 0.75): train acc = 0.973, test acc = 0.922
——- finetune (ratio = 0.75): train acc = 0.978, test acc = 0.937
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Figure 3: The training dynamics of trace of Fisher information. The experiments use a
synthetic dataset for binary classification with fully connected networks.® The plots shows (1) a clear
distinction between the generalization regime (left) and the optimization regime (right), as well as
(2) the difference between sparse finetuning (thick lines) and sparse scratch (dashed lines).

Training Error  Trend of Fisher Information  Reasons for the Performance Gap

increases first, then decreases, yet
ending up higher than finetuning’s
Optimization Regime suboptimal increases and hardly decreases weaker memorization on training data

Generalization Regime near optimal sharper minima, higher sensitivity

Table 1: Summary of the correlation of the two regimes with the dynamics of Fisher information
during training, and the major reasons for the performance gap on sparse scratch.

3. Experimental Results

Learning to generalize is like crossing a barrier or break through a bottleneck.

By Corollary A.1, the high Fisher information implies that even a small perturbation to the parameter
can bring large discrepancy of the network prediction. Empirically, this typically happens when the
network is (1) learning new concepts (cf. Shwartz-Ziv and Tishby (2017); Achille et al. (2019)), or
(2) memorizing hard examples (c¢f. Martin and Elster (2020); Jastrzebski et al. (2021)).

Intuitively, for sparse scratch, those new concepts (yet which may be familiar to sparse finetuning
given the pretraining) and hard examples (which may contain both worth-learning data with subtle
features and not-worth-learning data with noisy labels) incur much higher Fisher information.

3. In this paper, we use the mean squared Frobenius norm of the Jacobian matrix evaluated on the training set (i.e.,
Ex~p[[|J(x)||%], or Jacobian norm, hereafter) as the sensitivity measure, as shown in Table 2.

4. We use Fisher trace Tr(F(0)) = Ex D grpg(y|x) [HVG (%, yis 0)\\5] as a proxy to measure F(0).

5. There are also discussions on the connections of Fisher information to the (Shannon) Information Bottleneck
Theory and the stochastic learning process (Shwartz-Ziv and Tishby, 2017; Achille and Soatto, 2018; Chaudhari
and Soatto, 2018). We provide additional experiments and analysis on this in the appendix.

6. Check Appendix B for experimental details, and see Appendix C for similar results on CIFAR100 with ResNet32.
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e In the generalization regime, while sparse scratch can manage to fit all those data, the higher
fisher information coincides with tortured loss landscapes (e.g., sharper local minima and higher
sensitivity), leading to worse performance.

e In the optimization regime, sparse scratch can not even fit some of those hard examples,
resulting in drop in both training and test errors.

TODO: add corr plots on [disagreement v.s. Fisher information| w.r.t. class to confirm the intuition.

TODO: Also point to the appendix with formal review on measurable information of neural network
(e.g., the number of bits needed to encode the weights given certain training performance, which is
closely related to fisher information).

TODO: We here present our results on understanding the two regimes of performance gap. Following
the empirical validation on the two regimes in Figure 1 and the trend of Tr(F(8)) in Figure 3, we
provide a high-level summary on the underlying mechanism in Table 1, which will be elaborated next.

3.1 The Generalization Regime: The Curse of Information

Here, we presented evidence on the underlying mechanism for the generalization regime. As the
sparsity ratio increases, the network will require more information in learning, such that the trace
of Fisher information increases. As shown in Section 2, this implies that the network may fall into
sharper local minima (which may be measured by Tr(F)) with higher sensitivity (which may be
measured by Jacobian norm). Specifically, as shown in Table 2, So1-8 possesses much larger Tr(H),
Tr(F) and Jacobian norm than Sol-F. We refer this phenomenon as the curse of information.
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Figure 4: The distribution of Hessian spectrum. This plot shows the distribution of the
spectrum for the loss Hessian at the training convergence for sparse scratch ( ) and
sparse finetuning (Sol-F, blue line) on CIFAR-100 with ResNet 32 at a sparsity ratio of 0.90 (i.e., at
the generalization regime) (To update the figure to match the ratio).

3.2 The Optimization Regime: Memorization as a Double Edged Sword

In the optimization regime, for a fixed sparsity ratio, So1-S has a much worse optimization error (or
training accuracy) compared to that of Sol-F, leading to the generalization discrepancy in this regime.
While many works have attributed the optimization failure by capacity issue (Arpit et al., 2017;
Golubeva et al., 2021), it cannot explain for our case, as Sol-S and Sol-F have the same structure
capacity (i.e., the architecture are the same) and neuron capacity (i.e., the weight connectivity of
neurons are the same).
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Sparsity Ratio Tr(F) Tr(H) Jacobian Norm Entropy

Sol-F  Sol-S | Sol-F  Sol-S | Sol-F  Sol-S | Sol-F Sol-S
0.80 218.29  682.79 7 | 131.66 353.87 T | 32.38 45201 | 0.03  0.057
0.82 242.64  990.51 7 | 124.05 452.80 1 | 33.56  49.50 1 | 0.03  0.05 1
0.84 295.69  984.73 7 | 166.05 452.74 1 | 34.25 48191 | 0.03  0.05 1
0.86 351.47 1329.26 1 | 175.58 484.451 | 36.03  53.66 T | 0.04 0.06 1
0.88 454.83  1901.46 1 | 172.85 596.07 1 | 37.98 47391 | 0.04 0.07 1
0.90 635.20 2898.05 1 | 292.47 722281 | 41.22 57261 | 0.05 0.08 1

Table 2: Fisher information, loss curvature, sensitivity and entropy. The experimental setup
of this table is the same as in Figure 1 on CIFAR100 with ResNet32. The entropy refers to the
prediction entropy evaluated on the training set. Estimation methods can be found in Appendix B,
and the full table with standard deviation reported is in Appendix ?7.

As discussed in Section 2, the Long Tail Hypothesis states that many real-world data distributions
contain long-tailed or less frequent data that requires memorization in order to have good performance
on the test examples from their sub-populations. Here, we propose the Memorization Hypothesis
for Sparse Training as the fundamental reason for the performance gap in the optimization regime:
sparse scratch are weaker at memorization than sparse finetuning.

To explain, since the initialization of sparse finetuning inherits weights from a well-trained densely
connected network, it may already entail some memorization on data labels (especially for those
hard examples). However, sparse scratch initializes its weights randomly, and since memorization
happens only at the late phase of training (Liu et al., 2020), it is much harder for Sol-8 to achieve
the same level of memorization as that of Sol-F, causing the phenomenon of optimization failure in
this regime.

To verify our hypothesis, instead of directly training on a natural data distribution, and verify if
those examples that Sol-F and Sol-S has disagreement on are truly those long-tailed examples that
requires memorization (which is computationally expensive (Koh and Liang, 2017; Feldman and
Zhang, 2020)),” we adopt a noisy training setting, and shows that Sol-S memorize less on those
noisy data, as demonstrated in Figure 6.

Here, memorization can be seen as a double-edged sword since in this case, So1-S reaches better test
performance (around 12% better than that of So1-D and 10% better than that of Sol-F). We call
this phenomenon as benign obliviscence as it endows Sol-S with better robustness.® Our results may
also shed lights on the barrier between Sol-F and Sol-T as discussed in (Li et al., 2018; Evci et al.,
2019).

[Ziyu: To calculate the fisher information of each example and sort by that, and compare with the disagreement ]
plot.

7. As a side note, Hooker et al. (2019) shows that the pruned network has disagreement on the dense network mostly
on those less-frequent and long-tailed classes. See appendix for our discussion for Sol-F and Sol-S.

8. Some recent work also discuss the robustness of sparsity in the adversarial setting (Chen et al., 2022; Guo et al.,
2018).
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Figure 5: Sparse scratch memorizes worse than sparse finetuning. It is currently a placeholder
illustrating what we will do here. The plots are hard to read now.

4. Insights on Potential Algorithms for Closing the Gap
4.1 The Loss Regularization Perspective

Knowing that Sol-8 has worse generalization performance due to the curse of information (which
leads to sharper minima and higher sensitivity) and the weak memorization ability, a direct intuition
is to add regularization term in the loss function in order to push for a flatter-minima solution with
less sensitivity, and encourages data memorization. There is some prior work on this direction, such
as Chao et al. (2020) which directly pursues a flat minimum valley in the training loss. Given our
analysis, it might be convenient to directly control the Fisher information; the work mostly align
to this might be Jastrzebski et al. (2021) which proposes a loss regularizer with respect to Fisher
information. However, they apply the regularization on over-capacity dense networks and aim to
reduce (harmful) memorization. In our case, we would like to moderately encourage the memorization
for sparse neural networks. A potential easy fix is to adaptively apply negative Fisher regularization
at the initial epochs (in order to encourage memorization), and remove it at the later epochs to avoid
unnecessary exploitation.
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Figure 6: Sparse training from scratch is more robust to label noise. This experiment is
conducted on CIFAR-10 with ResNet32. The training set contains 30% perturbed data whose labels
are uniformly randomly shuffled as similarly conducted in (Liu et al., 2020). The sparsity ratio is
0.95 for sparse training. The learning rate is 0.02 and decay by 0.1 at the 40th and 80th epoch. The
left two columns show the performance on the training set (noisy) and test set (clean), and the right
two columns show the performance on the clean and noisy data in the training set; the notation
correct means predicted label equals to true label, while memorized means predicted label equals to
noisy label. Clearly, sparse scratch is weaker at memorizing the data since it has the lowest training

accuracy, and it starts to memorize at a much later stage in training.
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supplementary figure, the results demonstrate that the Fisher information is higher for those noisy
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4.2 The Data Schedule Perspective
4.2.1 INSIGHTS FROM THE LINEAR INTERPOLATION PATH

In Evci et al. (2019), the authors show that their exists a linear path between Init-S and Sol-F,
where the loss on the training data is monotonically decreasing. We compute the training loss by
interpolating between Init-S and Sol-F, i.e., L((1 — &)O1nit_s + @Bs01-r), and present the results
in figure 8a. The monotonicity implies that So1-F might be attainable from Init-S by gradient-based
optimization methods, e.g., SGD, if we are allowed to schedule the training batch in a smart way
to recover this linear path. To shed some light on this direction, we visualize the cosine similarity
between the negative gradient direction of each example with the direction from Init-S to Sol-F,
i.€., Oso1.F — O1it_s, in figure 8b and figure 8c. We can observe that at the beginning, the cosine
similarities are mostly concentrated around 0, which means if we randomly sample a batch of data,
the update direction is more likely to be orthogonal to the @so1_F — O1nit-s. This implies the data
scheduling will play a more crucial role at the initial phase, i.e., when « is small, to recover the linear
path. As « increases, we find that the mean of the cosine similarity is positive, which indicates the
optimization enters a contractive region, where the scheduling of data may not be that important.

However, finding the data scheduling may rely on the information of Og,1_r — 14415, Which is not
available for sparse scratch. Therefore, we plan to further analyze the patterns, e.g., the trace of
FIM, of the data scheduling that can recover the linear path so as to offer insights on designing
criteria for scheduling data without knowing @sy1_r — O1nit_s-

ResNet 32, prune ratio = 0.90
e, : — INItS to Sol-F KDE Density Plot for Cosine Similarity
----- Init-F to Sol-F alpha=0.3
alpha=0.9

KDE Density Plot for Cosine Similarity

alpha=0.3
alpha=0.9

0.2 0.4 06 08 1.0 —0.0010 —0.0005 0.0000  0.0005 00010  0.0015 -0.0010 -0.0005 0.0000  0.0005  0.0010  0.0015
interpolation coefficient cosine similarity cosine similarity

(a) (b) (c)

Figure 8: Linear interpolation results on ResNet32 trained on CIFAR100. (a) The linear interpolation
path. The red curve shows the test loss for the interpolated network f((1 — «)Orpis-s + @Oso1-F)
with different interpolation coeflicients a. While we observe in Figure 2 that Sol-S and Sol-F has a
performance gap, this path shows that we may close the gap by following the linear interpolation
path which is monotonically decreasing. (b) & (¢) Distribution of the cosine similarity of per sample
gradient to the linear interpolation direction from the weights of Init-S to Sol-F.

Additionally, the work which is mostly aligned with our idea in data schedule might be Zhang et al.
(2021), which shows that it is possible to construct a subset of training dataset in each iteration
that consists of two types of data: (1) the data points which are hard to memorize, and (2) the data
points where the sparse neural networks has high disagreement with the prediction of the dense neural
networks. However, there is an unavoidable blemish of this approach: the hardest examples inevitably
contains some noisy or corrupted samples, such that repetitively reinforcing the memorization on
them is harmful. We here propose a simple heuristics based on the critical learning period to fix
the issue: we should sample a subset of hardest-to-memorize examples at the beginning to train the
sparse neural network (the memorization phase), then gradually decrease the average difficulty of
the training samples to some certain level (the consolidating phase). A promising proxy for the
hardness of memorization would be Fisher information.
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Class Distribution for Data in the Upper 95% Quantitle of Cosine Similarity

e alpha=0.3
e alpha=0.9

100

Occurences
8

40 60
Number Label of Classes

Figure 9: This figure shows the class distribution for the data whose cosine values are of the upper
95% quantile. Clearly, the close-to-init one (o = 0.3) and the close-to-solution (o = 0.9) one has
different class distributions.

Class Distribution for Data in the Upper 95% Quantitle of Cosine Similarity (alpha=0.3)

Occurences

Figure 10: This figure shows a more fine-grained results of the class distribution for the data whose
cosine values are of the upper 95% quantile when o = 0.3. Some classes disproportionally have higher
cosine values, implying that there may exist pattern to schedule data for improving the network
performance.

4.2.2 DATA SCHEDULING BY FISHER INFORMATION

Note: to add the bi-level algorithm, that is to first to select by loss (meaning using label information),
then select from that subset by fisher information (no label information, meaning that select the
points which change the distribution most).

5. Conclusions and Future Work

In conclusion, we identify and characterize the performance gap between sparse scratch and sparse
finetuning by two regimes: the generalization regime and the optimization regime. We provide a
unified understanding by analysis in Fisher information and data memorization. For next steps, we
consider to propose practical and efficient training schedules to improve the performance of sparse
training from scratch, paving the way for truly efficient deep network training.
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Algorithm 1 A Toy Data Curriculum by Fisher Information

Input: train set D = {(x;, y;)} X, batch size ng, pool size np > ng, step size 1, phase time t*

1: Initialize weight parameter 8* where the time step ¢t = 0

2: fort=1,...,t* do

3: Uniformly randomly select a large input data pool P? of size np from D

4: V x; € P!, compute Fisher [0! | x;], the (trace of) Fisher information of 8% given x;
5: Bt « {(x;,y:)}%,, the bottom-ng samples in P! in terms of the criteria Fisher

6: 0t — ot — anL‘B(B)

7: end for

8 fort=t*+1,...,7T do

9: Uniformly randomly select a data batch B? of size ng from D

10: 0! «— 0" —nVeLgs(0)

11: end for

Algorithm 2 (Baseline) Fisher Information Selection

Input: Training dataset D = {(z;, y;)}Y , batch size ng, pool size np > ng, learning rate 7

1: Initialize weight parameter 8* where the time step ¢t = 0
2: fort=1,...,T do

3: Uniformly randomly select a large input data pool P! of size np from D
4: V x; € P!, compute Fisher[6® | x;], the (trace of) Fisher information of 8% given x;
5: B« {(x;,y;)}1E,, the top-ng samples in P! in terms of the criteria Fisher

6: 01t « 0! — nVoL;(0) where the mini-batch gradient is Vo L5(0)
7: end for

Algorithm 3 Reducible Fisher Information Selection

Input: Training dataset D = {(x;,;)}) ,, batch size ng, pool size np > ngp, learning rate n
Input: Parameter 8"° from a small model trained on a small holdout set D"

1: V x; € D, compute Fisher [0 | x;]
2: Initialize weight parameter % where the time step t = 0
3: fort=1,...do

4: Uniformly randomly select a large input data pool P? of size np from D\ D"
5: ¥ x; € P*, ReduceFisher[x;] + Fisher[#' | z;] — Fisher [gh° | ;]

6: Bt « {(x;,y;)}1E,, the top-ng samples in P! in terms of the criteria ReducibleFisher

7: 0! + 0" — nVeL5(0) where the mini-batch gradient is Vo L5(0)
8: end for
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A. Notes on Information in Deep Neural Networks

As a supplement to Section 3, we here provide a detailed discussion on information in deep neural
networks. Counsider a classification task with a conditional distribution p(y|x), where the random
variable x ~ p(x) denotes an input (e.g., an image) and the random variable y € Y = {1,--- ,C}
denotes the target. Let D = {(x;,v:)}Y, be a training dataset i.i.d. sampled from p(x,y) =
p(x)p(y|x). A neural network f(-;0) with the weight parameter & € R? encodes a conditional
distribution gg(y|x) by fitting the dataset. We denote the network prediction for x; as ¢;.

The objective is to minimize the negative log likelihood loss (i.e., the cross-entropy loss) on D:

N
. 1
min Lp(6) = N ;E(xiay%a) (A1)
1 N
=+ > ~logaa(yilz:). (A2)
=1

We take the mini-batch stochastic gradient descent (SGD) for the minimization. Let B = {(z;,y:)} 2%
denotes a random mini batch i.i.d. sampled from D. The average loss gradient of the random mini-
batch is defined as VoL3(0) = % > w.en Vol(Ti,yi; 0). Given a learning rate n and time step ¢, we
update the weight parameter by:

0" < 0" —nVeLs(0). (A.3)
We introduce KL divergence (also termed as relative entropy) as a useful notion for the following

discussion; it can be seen as an intrinsic dissimilarity metric for distributions (Kullback and Leibler,
1951). For any two distributions gg(-) and gg/(+), the KL divergence between them is:

qe(-)
qo/(.)] . (A4)

Dict(go()laor () 2 Eqgo( [log

A.1 Fisher Information

In this sub-section, we first introduce Fisher information from its original parameter estimation
view (Fisher, 1922). However, we note that this view is unsuitable in the context of deep learning,
thus we discuss an alternative view by taking Fisher information as a local distance metric
for distributions. This will foster the interpretation of Fisher information as a measure for
information retained by the neural network, and lay a good foundation for understanding the
role of Fisher information in the optimization dynamics and generalization.

Definition A.1. ( ). Imagine 8 as an unknown
parameter modeling a distribution qg(-). Assuming the log likelihood function log qg(-) is differentiable,
we define the score function of qg(-) as the gradient of the log likelihood function logqeg(-):

5(6) 2 Vo loggo(-). (A.5)
The Fisher information of qg(+) is defined as the covariance of the score function:
A
F(0) = Covg,(.) [5(0)] (A.6)
Y B, [(Vologas(-))(Valogae()T] , (A7)

where (a) follows from the fact that Eq, .y [s(0)] = 0.
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Remark A.1. For neural network parameterized by 0, F(0) is the fitted gradient covariance of the
negative log likelihood loss {(x;,1):;0), that is F(8) = Covy, D, ~q0(v|x) [Veo log g (7i|x:)].

As a side note, it is important not to confuse this with the training gradient covariance, i.e., the
empirical Fisher information, in which §; above is replaced with the true target y; ~ p(y|x). The
emprical Fisher information may be used to approximate the Fisher information yet it has some
limitations (Kunstner et al., 2019), which are not of interests of discussions here.

This classical view is concerned with the parameter estimation problem, and @ is treated as an
unknown parameter characterizing a distribution gg(-). A high F(0) implies that the likelihood
function gg(+) is rapidly varying,’ i.e., the likelihood is easily affected by the choice (or value) of 6;
thus it is easy to infer the true value of @ by sampling data from gg(-); in other words, the samples
can can provide high amount of information to estimate the unknown parameter 6.2

However, the estimation view is fundamentally improper to analyze neural networks. In the context
of deep learning, 6 is rather a known parameter (i.e., network weights) controling the prediction
distribution. It is meaningless to estimate 6@ through sampling from predictions. The point of focus
is not the information that samples from predictions can provide about 8, but rather the information
that @ can provide about the neural network learning process (little literature has explicitly noted
this slight distinction, but it can bring potential confusions).

Learning is a dynamic process. The weight parameter 6 is ever changing (updating) with SGD; it is
natural to think of the information of @ from a variation perspective.® Intuitively:

If small variation in 6 results in large discrepancy to the network prediction distribution ge(-),
this 6 can be seen as to withhold high amount of information about the learning process.

We hereby introduce Fisher information as a local metric for such distribution discrepancy.

Lemma A.1. Assume that the log likelihood function logqg(-) is twice differentiable, and denote its
Hessian with respect to 0 as Hiog ,(.). The Fisher information of qg(-) equals the negative of the
expected Hessian (i.e., second derivative) of the log likelihood function, that is:

F(0) = —Egy() [Hiogao()] - (A.8)

Proof. Let’s instantiate the likelihood function by ge(z), where z ~ gg(z).* Then,

Hluh qe(z) — Y'0 l()() (/0(/)

B Voqe(z)

B q6(z)

(@ 90(2)Hgy(z) — Voge(z) )Veqe(z)"

B q0(z)qe(2)

_ H, B <v6(//8(\z)> <V9(/9(ﬁkz\)>T‘ (A.9)
q0(z) q0(z) q0(z)

where (a) follows from the quotient rule and H,, ) Vf)({g (z).

1. In this note, gg(-) may denote a distribution or a likelihood function. We will add clarifications when necessary.

. Plus, Cramér-Rao Bound (Cramér, 1946) shows the precision of any unbiased estimator for € is at most F(0).

3. Notice how this differs from the common definition of information by Shannon entropy, which considers information
about the static distribution per se, instead of the change of the distribution by the local parameter variation
which we are discussing. An important prior work of this is Achille et al. (2019).

4. The random variable z can be viewed as a imprecise shorthand notation for y|x in our context.

[\
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Taking expectation on Eq. A.9:

Hy, ) Voo (z) Voaqe(z) ’
EZMZB(Z) [H‘Og‘qe(z)] - Ezwqa(z) [ q(jzz) - < q6(2) q6(2)

Vogo(2)\ (Voge(z)\ '
(Tpe) (V) |
= /V?;QG(Z)dZ — Eyrgo(z) [Vologqe(z)Velogge(z) ]

® V?g/ qo(z)dz — F(0)

— —F(0), (A.10)

"Heo(2)
= qo(z)dz —E, ., (2
/ q6(2) 76(2) w0tz

where (b) follows from Definition A.1. Thus F(0) = —E, . [Hlog (19(-)}' O

Corollary A.1. (Fisher information — a metric view). Given two distributions qo(-) and qe- ()
parameterized by @ and 8’ respectively and assuming their likelihood functions are twice differentiable,
we have the Fisher information of @ as the following:

F(0) = Vg Dxw (ge(-)llae()]g_g - (A.11)

Proof. By definition in Eq. A.4 and instantiating the likelihood function with the random variable z,
the gradient of the KL divergence can be decomposed as:

Vo' Dxr (q0(2)||q0'(2)) = VorEygo () 108 0(2)] — VorEy gy () [108 g0 (2)]
= —VoE,g(z) [log go (z)]

—/qg(z)VQ/ log qe: (z)dz.

Thus, the second derivative of the KL divergence with regard to 8" evaluated at 68’ = 6 is:

Ve Dxu, (¢6(2)||qe: (2))

v = [ W@V oga0(n)|  dz

‘ 6'=6

= / 90 (2)Hiog go () d2

= —Ezige(z) [Hlog qe(Z)}

@ r), (A.12)
where (a) follows from Lemma A.1. Thus F(0) = vz/DKL (q6()|lge:(+)) 00" O

Corollary A.2.. [Fisher information and the 2nd order approximation of KL divergence]
Given a distribution qg(-) paramertized by 0, consider perturbing the parameter by € such that
0' = 0 + €, the KL divergence® of the two distributions is:

Dxr. (g0(-)llger () = %eTF(B)6 +o(lel3) - (A.13)

5. It is easy to verify that the sign of € does not affect the result in Eq. A.13; in this regard, Fisher information may
be considered as a symmetric metric in the distribution space.
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Proof. Instantiate the likelihood function with the random variable z. The second order Taylor
expansion of log gg/(z) with regard to 6 is given as:

1 +—. 5.
log qe(z) = log qo(z) + Ve logqe(z) "€ + € V3 log qo(z)e + o|€]3). (A.14)
We then expand the KL divergence between the two distributions by:
Dx, (qe (Z)H(IG’<Z>> - Ezwje(Z) [1()3‘ q6(z) — log (19’<Z)}

(a) 1 . ’
= Eongo(m 108 46(2) — log ge(z) — Ve logge(z) "€ — - e Vi logge(z)e + o[|el[3)]

o |
a3 Vo logao(a)e] + ol )

" . T
= —E,qo(z) [Vg logqe(z) '€

"Voqe(z)" 1+ ) ,
— B lz — — [ AV 1 g 2
/ q0(z) g0 (2)edz o€ 10(z) [ g 1o (IB(Z” e+ o(|l€lz)

h) ‘ 1 :
Y TV / go(2)dz + € F(0)e + of|[e]3)

N 1 .
= —€ Vgl + 5€TF(9>6 + ()(HEHZ))

1 .
= 5.sTF(H)cva()(HeHﬁ). (A.15)
where (a) follows from Eq. A.14, and (b) follows from Lemma A.1 that F(0) = —E,q,(z) [Hlog qg(z)]
Thus Dk, (qe(+)||qe’ (z)) = € "F(8)e + o(||€])3). O

This metric view offers a sensible interpretation on common trends of the Fisher information of
go(y|x) during network training. Relatively speaking:

e Low F(0): This implies that the gradient update will not change the prediction distribution
much. It usually happens at (1) the early phases of training, where the prediction distribution is
close to random, and a small variation to the parameter of the random will have little influence
on the distribution; or (2) the ending phases (or converging phases), where the training is
rather stabilized and the prediction distribution are close to true distribution, thus the gradients
are close to zero, leading to a low Fisher information (also see Remark A.1).

e High F(0): This implies that even a small perturbation to the parameter can bring large
discrepancy of the network prediction. Empirically, this typically happens when the network
is (1) learning new concepts (cf. Achille et al. (2019)), or in other words at the fitting phase
(in contrast to the generalization phase, ¢f. Shwartz-Ziv and Tishby (2017), especially on the
relation to the gradient signal-to-noise ratio), or (2) memorizing many hard or noisy examples
(cf. Jastrzebski et al. (2021)).

Often, F(0) will first increase, then drop, leading to a (skewed) bell-shaped trend during training.
Thus the learning process appears to be crossing a barrier or a bottleneck.

The advantage of F(0) as a metric for the information content of neural networks is that it provides a
dynamic (or variation) perspective compatible with the dynamic learning process, and it is relatively
easy to compute. However, the limitation is also obvious — it can only serve as a local metric.

As we observe that the Fisher information of sparse scratch is much higher than sparse finetuning, a
direct solution is to propose a data curriculum for sparse scratch, to ensure a more stable training
near the initialization.
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B. Experimental Details

B.1 Network Architectures and Training Specifications

Our code and re-implementation instructions is publicly available at this GitHub repository:
https://github.com /ziyu-deep/Generalization-and-Memorization-in-Sparse-Training.

For Figure 1, 4, 5 and Table 2, the dataset used is CIFAR100 (Krizhevsky et al., 2009). The
architecture used is ResNet (He et al., 2016) with depth of 32 and widen factor of 4. We initialize the
network by Kaiming initialization (He et al., 2015). In network training, we use stochastic gradient
descent (SGD) as the optimizer with a batch size of 128 with momentum of 0.9. The initial learning
rate is set to be 0.1 and decays by 0.1 at the 100", 150" and 200*" epochs. The number of training
epochs for the dense network is 200, and for sparse finetune and sparse scratch is 250. The weight
decay is set to be 0.0002. We use five different random seeds to do the training.

C. Supplement to Figure 3: Trends of Fisher Information
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Figure 11: Dynamics of Fisher Information . The experiments are
conducted on CIFAR100 with ResNet32 for and sparse finetuning with sparsity ratio

varying from 0.80 to 0.90, corresponding the generalization regime in Figure 1.
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Figure 12: Dynamics of Fisher Information (Optimization Regime). The experiments are
conducted on CIFAR100 with ResNet32 for and sparse finetuning with sparsity ratio
varying from 0.92 to 0.96, corresponding the optimization regime in Figure 1.
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